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Introduction.-Quantum coherence, or the ability to form superpositions of quantum states, is certainly one of the fundamental distinctions between the quantum and classical worlds. Quantum coherence is not merely a foundational curiosity, but it is the key element behind numerous quantum technological applications [1] , including quantum algorithms [2] and quantum state merging [3] . This has lead to the identification of quantum coherence as a true physical resource [1, 4, 5] .
Due to the importance of quantum coherence, there have been various approaches and proposals for detecting or estimating the coherence of an unknown quantum state [6, 7] . In this paper, we address the problem of detecting coherence from a very fundamental point of view. We determine the minimal number, as well as characterize the optimal set, of measurements for the following tasks:
(a) Certification of the presence of quantum coherence in an unknown quantum state.
(b) Determination of the exact value of quantum coherence in an unknown quantum state.
While these tasks are clearly defined and provide a foundational basis for more applicative studies, one may wish to have a more robust and physically motivated goal for comparison. Hence we also consider the following task:
(c) Verification that an unknown quantum state has more coherence than some chosen threshold value.
Mathematically speaking, quantum coherence is always defined with respect to some reference basis, that * Electronic address: claudio.carmeli@gmail.com † Electronic address: teiko.heinosaari@utu.fi ‡ Electronic address: smanis@utu.fi § Electronic address: jussi.schultz@gmail.com ¶ Electronic address: alessandro.toigo@polimi.it is, a fixed orthonormal basis {ϕ j } d−1 j=0 of a d-level quantum system. A state ̺ represented by a density matrix is incoherent if it is diagonal in the reference basis, i.e., ̺ = j p j |ϕ j ϕ j | for some probability distribution (p j ); otherwise it is coherent. Quantum coherence can be quantified in various ways [8] [9] [10] . It turns out that task (b) does not depend on a particular choice of quantification; as a measure of coherence we can take any function which depends only on the off-diagonal elements of the state, and vanishes for all incoherent states and only for them. For task (c), we need to be more specific and fix a suitable measure. A natural choice is the ℓ 1 -norm of coherence, given as C 1 (̺) = min σ∈I ̺ − σ 1 = j =k |̺ jk |, where I is the set of all incoherent states. The ℓ 1 -norm of coherence is a reasonable quantification of coherence since the first formula gives a physically motivated definition while the second formula provides an easy way to calculate it. More importantly, it satisfies the properties that a proper measure of coherence should satisfy, in particular, monotonicity under incoherent completely positive and trace preserving maps [11] . It has been recently shown that the distillable coherence of a state is bounded by the ℓ 1 -norm of coherence, and this provides a solid operational interpretation for its meaning [12] .
In this work we concentrate on quantum measurements related to orthonormal bases, so that the measurement of a basis {ψ k } d−1 k=0 on an initial state ̺ gives an outcome k with probability ψ k | ̺ψ k . A collection of finitely many different measurements is referred to as a measurement setup. To put our questions into a proper context, we recall that in order to perform full state tomography, a measurement setup consisting of d + 1 bases is required; such a setup is called informationally complete [13, 14] . Informationally complete setups exist in all dimensions, and even a randomly chosen setup works almost always as the only criterion is that the respective projections span the linear space of operators [15, 16] . The main goal of the present investigation is therefore to determine how many measurements are needed in tasks (a), (b) and (c), and to characterize the respective minimal measurement setups.
To further motivate the stated tasks, we recall that it is known that the certification of purity can be done with just five measurements [17] , whereas the determination of the exact value of purity requires an informationally complete setup [18] . Another recent result regarding quantum correlations shows that any measurement setup which is not informationally complete will fail in certifying entanglement as well as nonclassicality of an unknown state [19] . It is therefore interesting to compare how coherence compares with these other properties of quantum states.
Our main result shows that any measurement setup which can complete either task (a) or (c) is also capable of completing the more demanding task (b). We will prove that the minimal measurement setup for all tasks (a), (b) and (c) consists of d bases. The essential property that any measurement setup of this kind must satisfy is that each basis is mutually unbiased with regards to the reference basis. We recall that the mutual unbiasedness of two bases {ψ k } 
It is known that if the dimension d is a prime power, then one can construct a complete set of mutually unbiased bases (MUB), i.e., d + 1 bases that are all pairwisely mutually unbiased [20] . In prime power dimension one could therefore pick a complete set of MUB, transform all of them with a suitable unitary operator so that one of the bases becomes the reference basis, and then simply drop out the reference basis. However, as the existence of a complete set of MUB in other dimensions still remains an open question [21] , this does not yet give a satisfactory general solution. Moreover, it should be emphasized that the criterion for a minimal measurement setup does not require all pairs of bases to be mutually unbiased with respect to each other, so a positive answer to the MUB existence question is not a prerequisite to our result. In fact, we provide an explicit construction of the minimal measurement setup in arbitrary dimensions.
Coherence of a qubit state.-As a warm up, we consider tasks (a) and (b) for a qubit system. This simple example already indicates the connection of these tasks to the geometry of successful measurement setups. For a qubit state ̺ we have C 1 (̺) = 2 |̺ 01 |, where ̺ 01 is the off-diagonal matrix element in the chosen reference basis. Assuming that this basis is the eigenbasis of σ z , we see that from the numbers tr [̺σ x ] and tr [̺σ y ] we can calculate the off-diagonal elements and hence the value of C 1 (̺). Therefore, task (b) can be accomplished by measuring just two bases, namely, the eigenbases of σ x and σ y . It is clear that a single basis is not enough even for task (a), since the measurement of, say, σ x gives the same outcome probabilities for the coherent state Let us now look at the possible choices for the two measurements. To this end, let a and b be two nonparallel unit vectors in the Bloch ball, and assume that at least one of them is not orthogonal to the unit vector k (z-direction). We can set c = a × b/ a × b to obtain another unit vector which is not parallel to k. The state ̺ c = Perturbation operators.-In order to deal with task (a) in the case of a general d-level system, we resort to a geometric framework, similar to that used in [18, 19] . The key concept is that of a perturbation operator, by which we mean any traceless selfadjoint operator. The nonzero perturbation operators ∆ are precisely those operators that can be written, up to a scaling factor, as differences of distinct quantum states δ∆ = ̺ ′ − ̺. Therefore, they provide a convenient way to analyze what kinds of pairs of states a given measurement can distinguish. Equivalently, by solving for ̺ ′ = ̺ + δ∆, we see that we are in fact studying if the state ̺ can be distinguished from its slightly perturbed version ̺ + δ∆.
We say that a perturbation operator ∆ is detected by a measurement setup if for any state ̺, the two states ̺ and ̺+δ∆ give different measurement data whenever the scaling parameter δ is such that the latter operator is a valid state; otherwise ∆ is undetected. We see that for a measurement setup consisting of m bases {ψ
k=0 , the undetected perturbation operators ∆ are exactly those that satisfy
for all k = 0, . . . , d − 1 and ℓ = 1, . . . , m. For certifying coherence (task (a)), a suitable measurement setup must be able to detect differences between coherent and incoherent states. Quite naturally, this means that all perturbation operators with at least some nonzero off-diagonal elements must be detected. To see this, note that for any perturbation ∆, there exists a δ > 0 such that η := This result gives a lower bound for the minimal number m. First of all, we observe that the undetected perturbations form a subspace of traceless selfadjoint operators. The dimension of this subspace cannot exceed d−1, since this is the dimension of the subspace of all diagonal perturbation operators. Equation (2) can be equivalently written as tr |ψ
which means that the measured projections |ψ
Equivalence of tasks (a) and (b).-We will next explain that, quite surprisingly, any measurement setup that completes task (a) also completes the more demanding task (b). Assume that we have a measurement setup {ψ
k=0 that completes task (a). As we have earlier concluded, any undetected perturbation operator ∆ must be diagonal, and hence in the linear span of the operators 
We now observe that for any j < k, we can write
By our previous observation, this means that we can calculate the off-diagonal elements of ̺ from the measurement data and hence calculate C 1 (̺) or any other measure of coherence. We summarize this discussion in the following theorem. 
which completes task (a). By counting the dimension of the corresponding subspace of undetected perturbation operators, we see that (2) must hold for all indices k, ℓ whenever ∆ is a diagonal perturbation operator. In other words, there is no room to detect any perturbations that are not relevant for the task at hand.
Since the operators |ϕ i ϕ i | − |ϕ j ϕ j | with i = j span the subspace of diagonal perturbation operators, we find that (2) is equivalent to
But this is nothing else than the mutual unbiasedness condition for the reference basis and each measurement basis. Therefore, if a collection of d bases completes task (a), then each basis must be mutually unbiased with respect to the reference basis.
There is an additional property that we can infer from the assumed minimal set of d bases. The reference basis clearly detects all diagonal perturbations. Hence, if we measure the reference basis together with the assumed set of d bases, we can detect all perturbations. We summarize this discussion in the following theorem. (ii) together with the reference basis they form an informationally complete set.
The remaining task is to show that d orthonormal bases with these two required properties can be constructed in all dimensions.
Construction of a minimal setup.-In the prime power dimensions, the construction of a minimal measurement setup is rather straightforward. Namely, we can pick a complete set of d + 1 MUB, apply a unitary transformation which transforms one of the bases into the reference basis, and then drop out the reference basis. It is an immediate consequence of Theorem 3 that the remaining set of d MUB completes task (a) and, as we have previously seen, also (b). For other dimensions we need to seek a different construction. However, one can expect this to be possible since (i) is a seemingly weaker condition than having a complete set of MUB.
First, let us recall a simple way to write a mutually unbiased basis with respect to a given one [22] . We denote ω = e 2πi/d . For each j = 0, . . . , d − 1, we fix a complex number β j with |β j | = 1. Then, for each k = 0, . . . , d − 1, we define a unit vector
It is straightforward to check that
k=0 is an orthonormal basis and that it is unbiased with respect to the reference basis {ϕ j } d−1 j=0 . Since the choice of the numbers β j is arbitrary, we can construct any number of different orthonormal bases that are mutually unbiased with respect to the reference basis. However, this is not enough as we also need to satisfy the condition (ii) in Theorem 3. We thus need to choose the numbers β j in a specific way.
For the construction of the bases, we need some additional notation. We denote by Z d the ring of integers {0, 1, . . . , d − 1}, where the addition and multiplication is understood modulo d. For clarity, we denote by ∔ the addition modulo d. Unless d is prime, Z d has zero divisors, i.e., nonzero elements that give 0 when multiplied with some other nonzero element (e.g. in Z 6 we have 2 · 3 = 0 modulo 6). This is the underlying fact why there are relatively easy constructions of complete set of MUB in prime dimensions but similar constructions do not work if the dimension is a composite number. For this reason, we define a map s :
The purpose of the map s is that we can use the modular arithmetic of Z d when needed, but then perform calculations in Z when that is more convenient as Z has no zero divisors.
We fix an irrational number α. For each ℓ = 1, . . . , d, we then define an orthonormal basis ψ
By Theorem 1, we need to show that any undetected perturbation operator for this measurement setup is diagonal. To do this, we write an arbitrary perturbation operator as ∆ = i,j ν i,j |ϕ i ϕ j |. By then taking the discrete Fourier transform of (2) with respect to index k, we obtain
which is required to hold for all x ∈ Z d and ℓ = 1, . . . , d.
Since we need to show that ν j,j∔x = 0 for any x = 0, we fix x = 0 and consider (7) for ℓ = 1, . . . , d as a system of linear equations. We thus need to show that the corresponding matrix is invertible, as then ν j,j∔x ≡ 0 is the only solution. We denote
and observe that the matrix of (7) is a Vandermonde matrix. Hence, its determinant can be written as
The last effort is to verify that all the factors in this product are nonzero. Since α is irrational, we see that u x (j) = u x (i) if and only if
It can be shown that the only solution to (9) is i = j. The detailed mathematical calculations are given in the Supplemental Material. As the expression (8) contains only terms with i = j, this completes the proof. Therefore, we conclude that the measurement setup consisting of the d orthonormal bases written in (6) completes tasks (a) and (b). In addition, one can write a reconstruction formula for the off-diagonal elements using only the measurement outcome probabilities of these bases. An explicit formula is given in the Supplemental Material.
Completion of task (c).
-In order to make task (c) more precise, we need to use a specific measure of coherence. We will use the ℓ 1 -norm of coherence, defined as C 1 (̺) = j =k |̺ jk |. This measure clearly vanishes exactly for incoherent states, and the maximal value of C 1 is d − 1 [11] . As we did earlier in the case of tasks (a) and (b), we aim to determine the minimal requirement for a measurement setup to be capable of deciding, for any state ̺, whether C 1 (̺) is greater than a fixed threshold value r(d − 1) with 0 < r < 1, or not.
In the following we show that a measurement setup completes the stated task if and only if it detects the nondiagonal perturbation operators. Indeed, using the earlier framework of perturbation operators, if
, it is clear that the difference ∆ = ̺ ′ − ̺ is a nondiagonal perturbation operator. Therefore, it is enough to prove that for any nondiagonal perturbation operator ∆, there exist states ̺ and
. This result will then lead to the following analogue of Theorem 1, thus establishing the equivalence of task (c) with (a) and (b). 
is then a full-rank state with C 1 (̺ r φ ) = r(d−1). It follows that we can choose δ small enough so that ̺ r φ + (δr/d)∆ is a (full-rank) state. Namely, we choose any δ such that |δ| < (1 − r)/(r ∆ ). The remaining step is to prove that, in addition, one can always choose δ such that
We prove this fact by showing that the function f φ (δ) = C 1 (̺ r φ + (δr/d)∆) has a nonzero derivative at the point δ = 0 for some set of parameters φ 0 . Possibly replacing δ with −δ, this then yields f φ0 (δ) > f φ0 (0) for some δ, which is what we want to show.
Let ∆ = A+ iB be the decomposition of ∆ into its real symmetric and antisymmetric parts. A straightforward computation gives
Therefore,
We can now use the freedom in the choice of φ to obtain the result. Indeed, if r > s we have
Hence, if g(φ) = 0 for every φ ∈ [0, 2π) d , then A pq = B pq = 0 for every p = q, and ∆ is diagonal, against our assumption.
Discussion.-The development of quantum technologies will bring us applications capable of outperforming any of their classical counterparts. The superiority of these applications rests on the ability to take advantage of properties of physical systems which are genuinely quantum. For this reason it is essential to be able to verify that a given source produces systems which have such a property. Here we have investigated optimal measurement strategies for verifying the presence of quantum coherence. We have shown that this simple verification task is actually as difficult as determining the exact value of quantum coherence. We have both characterized the optimal setups in terms of a mutual unbiasedness condition, as well as constructed explicit examples in arbitrary dimensions.
One of the core assumptions behind our results is that there is no prior information available regarding the initial state of the system at hand -its quantum state is completely unknown. In many practical situations this may not be the case, and by exploiting the available prior information it may be possible to further optimize the setup. As a simple example, suppose that we know the system to be in a pure state. Then quantum coherence can be verified by simply measuring the reference basis, as the incoherent states are exactly the eigenstates of this observable. The geometric framework exploited in this work is flexible enough to be used also in questions with prior information.
SUPPLEMENTAL MATERIAL
A. Proof that Equation (9) for x = 0 implies i = j.
The function s is the main text was defined as s :
where · − denotes the subtraction modulo d. The following result is the last step needed in the construction of d bases. Proposition 1. Let x, i, j ∈ Z d and x = 0. The only solution to
is i = j.
Proof. One can prove the claim by considering the different possible cases separately, i.e., s(j ∔ x) ≥ s(j) and s(j ∔ x) < s(j). We go through the first case, the latter being similar. Assume s(j ∔x) ≥ s(j). Then by (13) we also have s(i∔x) ≥ s(i). Using (12) we can thus write s(j ∔x)−s(j) = s(x) and s(i ∔ x) − s(i) = s(x), and (13) becomes s(x)(s(j ∔ x) + s(j)) = s(x)(s(i ∔ x) + s(i)) .
As s(x) = 0, we further get
We then split the proof further into two cases.
(a) Assume s(j) ≥ s(i). From (15) , it follows that s(i ∔ x) ≥ s(j ∔ x). Using (12) and (15), we obtain (15) and the assumed conditions s(j ∔ x) ≥ s(j) and s(i ∔ x) ≥ s(i). We thus conclude that i = j.
(b) Assume s(j) < s(i). From (15) follows that s(i ∔ x) < s(j ∔ x). Using (12) and (15), we obtain (16) and (17) as in the previous case. Then, the rest of the proof is identical. 
for ℓ = 1, . . . , d. The corresponding probability distributions in the state ̺ are
We have 
Its inverse is [1] (V −1 ) h,j = x h (−1)
where σ 
